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In this paper, we consider the Randers metric F = α + β on a smooth manifold M and
by using it deﬁne Sasaki–Randers metric G on the slit tangent bundle TM◦. We introduce
natural foliations on (TM◦,G) and study totally geodesic and bundle-likeness properties of
them. Then, we construct a framed f (3,−1)-structure on TM◦ and show that it reduces to
an almost paracontact structure on the indicatrix bundle.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
Randers metrics are among the simplest Finsler metrics. These metrics were ﬁrst introduced by physicist G. Randers from
the standpoint of general relativity [10]. Later on, these metrics were applied to the theory of the electron microscope by
R.S. Ingarden in [7], who ﬁrst named them Randers metrics. Up to now, many Finslerian geometers have made great efforts
in investigation on the geometric properties of Randers metrics [3,4,13,14].
Several monographs present the methods of differential geometry used in studying Finsler manifolds [1,2]. As the geo-
metric objects that occur in Finsler geometry depend on both point and direction, the tangent bundle of a Finsler manifold
plays a major role in this study. To emphasize this, we initiate here a study of interrelations between the geometry of
foliations on the tangent bundle of a Randers space and the geometry of the Randers space itself.
In this paper, by using the Randers metric on M , we deﬁne a new metric G on TM◦ and call it Sasaki–Randers metric.
We ﬁnd all the local coeﬃcients of the Levi-Civita connection on (TM◦,G). Then, we consider the foliations deﬁned by
VTM◦ , L = span{L}, L∗ = span{L∗}, L ⊕ L∗ , L′ and L⊥ , where L and L∗ are the vertical and horizontal Liouville vector ﬁelds
and L′ and L⊥ are the complementary orthogonal distributions to L in VTM◦ and TTM◦ , respectively. We show that G is
bundle-like for vertical foliation and foliations L′ and L⊥ , but it is not bundle-like for foliations L and L ⊕ L∗ . We study
also, the totally geodesic property of these foliations. Finally, by using the horizontal and vertical vector ﬁelds, we construct
a framed f (3,−1)-structure on (TM◦,G) such that when this structure is restricted on the indicatrix bundle IM, we obtain
an almost paracontact structure.
2. Preliminaries
Let M be an n-dimensional C∞ manifold. Denote by TxM the tangent space at x ∈ M , and by TM = ⋃x∈M TxM the
tangent bundle of M . A Finsler metric on M is a function F : TM → [0,∞) which satisﬁes: (i) F is smooth outside the zero
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n× n matrix
(gij) :=
(
1
2
∂2F 2
∂ yi∂ y j
)
, (2.1)
is positive deﬁnite at every point (x, y) ∈ TM◦ = TM − {0}.
Suppose that (xi) is the local coordinate on M . Then the local coordinate on TM◦ is shown by (xi, yi) where (yi) is the
ﬁber coordinate. With respect to local coordinate system induced on TM◦ , the natural local frame ﬁelds on TM◦ are given by
∂˙i := ∂∂ yi and ∂i := ∂∂xi . The vertical distribution VTM◦ is locally spanned by {∂˙i}, i = 1, . . . ,n. Considering the fundamental
function F , then the horizontal distribution HTM◦ as a complementary distribution of VTM◦ can be naturally deﬁned. To
deﬁne HTM◦ , the following are needed. The spray coeﬃcients Gi of fundamental function F are given by:
G j = 1
4
g jk
[
∂2F 2
∂ yk∂xi
yi − ∂ F
2
∂xk
]
,
where (gij) is the inverse matrix of (gij). Using the functions G
j
i = ∂˙iG j , we deﬁne the nonholonomic vector ﬁelds
δi = ∂i − G ji ∂˙ j, i ∈ {1, . . . ,n, }. (2.2)
It is known that HTM◦ is locally spanned by {δi}, i = 1, . . . ,n.
The Lie bracket of the above vector ﬁelds is expressed as follows:
[δi, δ j] = Rkij ∂˙k, [δi, ∂˙ j] = Gkij ∂˙k, (2.3)
where Rkij = δ jGki − δiGkj and Gkji = Gkij = ∂˙iGkj . Note that Rkij is a skew-symmetric Finsler tensor ﬁeld of type (1,2) while
Gkij are the local coeﬃcients of the Berwald connection associated to (M, F ). Some other Finsler tensor ﬁelds deﬁned by R
k
ij
will be useful in the study of Finsler manifolds of constant ﬂag curvature
(i) Rhij = ghkRki j, (ii) Rhj = Rhij yi, (iii) Rk j = gkhRhj. (2.4)
From their properties we mention the following:
(i) yhRhij = 0, (ii) yhRhj = 0, (iii) Rij = R ji, (iv) Rkij = 13
{
∂˙i R
k
j − ∂˙ j Rki
}
.
Apart from Gkij , the functions F
k
i j given by
Fki j =
1
2
gkh(δi ghi + δi ghj − δh gi j), (2.5)
are involved in both the Chern–Rund connection and the Cartan connection [11,12]. Moreover, we have
yi F ki j = yiGki j = Gkj . (2.6)
If, in particular, we have Fki j = Gkij then (M, F ) is called a Landsberg manifold. Also, the Cartan tensor ﬁeld is given by its
local components:
(i) Ckij =
1
2
gkh∂˙h gi j = 14 g
kh(F 2)yi y j yh or (ii) Cijk = 12 ∂˙ j gik = 14 (F 2)yi yk y j .
It is easy to see that Cijs is symmetric with respect to i, j, s. Also, we deduce that (M, F ) becomes a Riemannian manifold,
that is, gij depend on (xk) alone, if and only if we have [3]
Ckij = 0, ∀i, j,k ∈ {1, . . . ,n}. (2.7)
By the homogeneity condition for F , we obtain yiCki j = 0.
3. Sasaki–Randers lift metric
Let M be an n-dimensional manifold. A Randers metric is a Finsler structure F on TM that has the form
F (x, y) := α(x, y) + β(x, y), (3.1)
where
α(x, y) =
√
aij(x)yi y j, β(x, y) = bi(x)yi .
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gij = 12
∂2F 2
∂ yi∂ y j
= F
α
[
aij + α
F
(
bi + yi
α
)(
b j + y j
α
)
− yi
α
y j
α
]
, (3.2)
where yi = aij y j , bi = aijb j , b2 = ‖β‖2 = bibi , aij = (aij)−1 and det(gij) = ( Fα )n+1 det(aij). If we denote (gij)−1 by gij , then
we have
gij = α
F
aij − α
F 2
(
bi y j + b j yi)+ b2α + β
F 3
yi y j. (3.3)
In [8], Matsumoto proved the following result.
Theorem 1. The Randers metric F = α + β is a Landsberg metric if and only if β is parallel with respect to α.
If the dual local 1-forms of δi and ∂˙i are denoted by dxi and δyi , respectively, where δyi := dyi + Gij(x, y)dx j , then by
using (3.2), we can introduce the following tensor on TM◦:
G(x, y) = aij(x)dxi ⊗ dx j + gij(x, y)δyi ⊗ δy j. (3.4)
It is easy to show that the above tensor is a Riemannian metric on TM◦ . We call this metric Sasaki–Randers lift metric.
Using the Koszul formula, we can prove the following.
Lemma 1. Let (M, F ) be a Randers space. Then the Levi-Civita connection ∇˜ on the Riemannian manifold (TM◦,G) is locally expressed
as follows:
∇˜∂˙i ∂˙ j = −
1
2
gij|h ghkδk + Ckij ∂˙k, (3.5)
∇˜∂˙i δ j =
1
2
gkhRihjδk +
(
Fki j − Gkij
)
∂˙k, (3.6)
∇˜δi ∂˙ j = 12 g
khR jhiδk + Fki j ∂˙k, (3.7)
∇˜δiδ j = Γ ki jδk +
1
2
Rkij ∂˙k, (3.8)
where
Γ ki j =
1
2
akh(∂iahi + ∂iahj − ∂haij), (3.9)
gij|h = δh gi j − gkjGkih − gikGkjh. (3.10)
Proposition 1. The horizontal distribution HTM◦ is totally geodesic if and only if the Randers metric F has the zero ﬂag curvature. In
this case, HTM◦ is integrable.
Proof. It is known that HTM◦ is totally geodesic if and only if ∇˜δi δ j ∈ Γ (HTM◦) or V ∇˜δi δ j = 0. (3.8) implies that V ∇˜δi δ j = 0
if and only if Rkij = 0. 
Now, we denote by FC = (HTM◦,∇c) the Cartan connection of (M, F ), where ∇c is a linear connection on VTM◦ given by
the following
∇c
∂˙ j
∂˙i = Ckij ∂˙k, ∇cδ j ∂˙i = Fki j ∂˙k. (3.11)
The Levi-Civita connection ∇˜ induces a connection ∇ on VTM◦ , i.e.,
∇X V Y = V (∇˜X V Y ), ∀X, Y ∈ Γ (TTM◦), (3.12)
where V is the projection morphism of TTM◦ on VTM◦ . By (3.5) and (3.7), it is easy to check that ∇ has the following
expression
∇∂˙ j ∂˙i = Ckij ∂˙k, ∇δ j ∂˙i = V ∇˜δ j ∂˙i = Fki j ∂˙k. (3.13)
By (3.11) and (3.13), we have the following.
Theorem 2. The linear connection ∇c of the Cartan connection FC is the projection of the Levi-Civita connection ∇˜ on VTM◦ , i.e., we
have
∇X Y = ∇cX Y , X ∈ Γ (TTM◦), Y ∈ Γ (VTM◦). (3.14)
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Let (N, g) be an (n+ p)-dimensional Riemannian manifold endowed with an integrable distribution D of rank n. Then the
foliation F deﬁned by D is called totally geodesic (totally umbilical) if each of its leaves is totally geodesic (totally umbilical)
in (N, g). Now denote by D⊥ the orthogonal complementary distribution of D in TN. Then according to [6], the Riemannian
metric g is bundle-like for the foliation F if each geodesic in (N, g), which is tangent to D⊥ at one point, remains tangent
for its entire length. If ∇˜ is the Levi-Civita connection on (N, g), then g is bundle-like for F if and only if
g(∇˜X Y + ∇˜Y X, Z) = 0 (4.1)
for X, Y ∈ Γ (D⊥) and Z ∈ Γ (D) (see [5]).
Let (M, F ) be a Randers space. Since the vertical distribution VTM◦ is integrable in TTM◦ , then it determines a foliation
that we denote by FV .
Theorem 3. The Riemannian metric G is bundle-like for the vertical foliation FV .
Proof. According to (4.1), G is bundle-like for FV if and only if
G(∇˜δ j δi + ∇˜δi δ j, ∂˙k) = 0, (4.2)
where ∇˜ is the Levi-Civita connection on (TM◦,G). Since Rri j are skew-symmetric with respect to i, j, then by (3.8) it results
that
G(∇˜δ j δi + ∇˜δi δ j, ∂˙k) =
1
2
Rr i j grk + 12 R
r
ji grk = 0. (4.3)
Thus G is bundle-like for the vertical foliation FV . 
Theorem 4. Let (M, F ) be a Randers space. Then the vertical Foliation FV is totally geodesic on (TM◦,G) if and only if β is parallel
with respect to α.
Proof. At ﬁrst, we rewrite (3.5) with respect to (2.6). Since ∇˜ is the Levi-Civita connection of G , then G is parallel with
respect to ∇˜ , i.e., ∇˜G = 0 or
XG(Y , Z) = G(∇˜X Y , Z) + G(Y , ∇˜X Z), ∀X, Y , Z ∈ Γ (T T˜M). (4.4)
By (3.4) and (4.4), we have
G(∇˜∂˙i ∂˙ j, δk) + G(∂˙ j, ∇˜∂˙i δk) = 0. (4.5)
Using (3.5) and (3.6) in (4.5), we obtain
−1
2
gij|h ghsask +
(
F sik − Gsik
)
gsj = 0. (4.6)
Since (aij) is the inverse of (aij), then (4.6) implies that
gij|h ghr = 2
(
F sik − Gsik
)
gsja
kr .
Hence (3.5) becomes
∇˜∂˙i ∂˙ j =
(
Gsir − F sir
)
gsja
krδk + Ckij ∂˙k. (4.7)
As the vertical distribution is spanned by {∂˙i}ni=1, we infer that FV is totally geodesic if and only if
∇˜∂˙ j ∂˙i ∈ Γ (VTM◦), H∇˜∂˙ j ∂˙i = 0. (4.8)
By (4.7) and (4.8), we get
0= H∇˜∂˙ j ∂˙i =
(
Gsir − F sir
)
gsja
krδk. (4.9)
Contracting (4.9) with g jlakh , implies Glih = F lih , i.e., (M, F ) is a Landsberg manifold. By Theorem 1, we get the proof. 
Now, we consider two globally deﬁned vector ﬁelds on TM◦ which are locally given by
L = yi ∂˙i, (4.10)
L∗ = yiδi . (4.11)
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span{L∗} are called the vertical and horizontal Liouville distributions, respectively. It is easy to see that these distributions are
integrable and consequently these determine two foliations on (TM◦,G). Now, we show that L ⊕ L∗ determines a foliation
on (TM◦,G), too. For this aim, we must prove that the distribution Γ (L ⊕ L∗) is integrable. We have[
L, L∗
]= ∇˜L L∗ − ∇˜L∗ L. (4.12)
By (3.6) and (3.7), we get
∇˜L L∗ = ∇˜yi ∂˙i
(
y jδ j
)= yi(∂˙i y j)δ j + yi y j∇˜∂˙i δ j = yiδi = L∗, (4.13)
∇˜L∗ L = ∇˜yiδi
(
y j ∂˙ j
)= yi(δi y j)∂˙ j + yi y j∇˜δi ∂˙ j = yi(δi yk + Gki )∂˙k = 0. (4.14)
Setting (4.13) and (4.14) in (4.12) yields [L, L∗] = L∗ ∈ Γ (L ⊕ L∗), i.e., L ⊕ L∗ is integrable.
Theorem 5. Let (M, F ) be a Randers space. Then the vertical Liouville vector ﬁeld determines a totally geodesic foliation on (TM◦,G).
Moreover, the metric G for this foliation cannot be bundle-like.
Proof. By (2.6) and (4.7) we obtain
∇˜L L = yi ∂˙i = L ∈ Γ (L). (4.15)
Thus the foliation determined by L is totally geodesic. Now, let G be bundle-like for L. Then we have
G(∇˜X Y + ∇˜Y X, L) = 0, ∀X, Y ∈ L⊥. (4.16)
Since G(X, L) = G(Y , L) = 0 and ∇˜ is compatible with respect G , then by (4.16) we get
G(X, ∇˜Y L) + G(Y , ∇˜X L) = 0. (4.17)
Putting X = Y = Xi ∂˙i ∈ Γ (L′) in (4.17) yields
0= G(Xi ∂˙i, ∇˜X j ∂˙ j (yk∂˙k))= G(Xi ∂˙i, X j ∂˙ j + X j yk∇˜∂˙ j ∂˙k)= G(X, X),
which is a contradiction. Thus G is not bundle-like. 
Theorem 6. Let (M, F ) be a Randers space. Then L∗ and L ⊕ L∗ determine two totally geodesic foliations on (TM◦,G) if and only if the
Randers metric F satisﬁes the following equation
1
2
Bks
(
2yi∂i ys − ∂sα2
)+ 1
2
(
aks + Bks)(2yi∂i(αbs) − ∂s(αβ) − α2∂s
(
F
α
))
+ α
F
yi
(
aks + Bks)∂i
(
F
α
)
(αbs + ys) = yk f (x, y), (4.18)
where Bks = Fα gks − aks and f is a function on TM. Moreover, the metric G for foliation L ⊕ L∗ cannot be bundle-like.
Proof. It is well known that the foliation L∗ is totally geodesic if and only if ∇˜L∗ L∗ ∈ Γ (L∗) or
∇˜L∗ L∗ = f (x, y)L∗. (4.19)
By (3.8), we obtain
∇˜L∗ L∗ = yi
(
δi y
j)δ j + yi y jΓ ki jδk = (yi y jΓ ki j − yiGki )δk. (4.20)
In [3], the following is proved
Gki = γ ki j y j − Ckijγ jrs yr ys, (4.21)
where
γ ki j =
1
2
gkh(∂i ghi + ∂i ghj − ∂h gi j). (4.22)
Multiplying (4.21) by yi gives us
yiGki = γ ki j yi y j.
Setting it in (4.20), implies that
∇˜L∗ L∗ = yi
(
δi y
j)δ j + yi y jΓ kδk = (yi y jΓ k − yi y jγ k)δk. (4.23)
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Aij := α
F
(
bi + yi
α
)(
b j + y j
α
)
− yi
α
y j
α
, Bij := − 1
F
(
bi y j + b j yi)+ b2α + β
αF 2
yi y j.
Then we can rewrite (3.2) and (3.3) as follows
gij = F
α
(aij + Aij), gij = α
F
(
aij + Bij). (4.24)
By (4.22) and (4.24), we get
γ ki j = Γ ki j +
1
2
Bks(∂iasj + ∂ jais − ∂sai j) + α2F
(
aks + Bks)∂ j
(
F
α
)
(ais + Ais)
+ α
2F
(
aks + Bks)∂i
(
F
α
)
(a js + A js) − α2F
(
aks + Bks)∂s( F
α
)
(aij + Aij)
+ a
ks + Bks
2
(∂i Asj + ∂ j Asi − ∂s Ai j). (4.25)
Contracting (4.25) with yi y j gives us
γ ki j y
i y j = Γ ki j yi y j +
1
2
Bks
(
2yi∂i ys − ∂sα2
)+ α
F
yi
(
aks + Bks)∂i
(
F
α
)
(αbs + ys)
− α
2
2
(
aks + Bks)∂s( F
α
)
+ a
ks + Bks
2
(
2yi∂i(αbs) − ∂s(αβ)
)
. (4.26)
Setting (4.26) in (4.23) yields
∇˜L∗ L∗ =
[
− B
ks
2
(
2yi∂i ys − ∂sα2
)− α
F
yi
(
aks + Bks)∂i
(
F
α
)
(αbs + ys)
+ a
ks + Bks
2
{
α2∂s
(
F
α
)
− 2yi∂i(αbs) + ∂s(αβ)
}]
δk. (4.27)
By (4.19) and (4.27), it results that L∗ is totally geodesic if and only if (4.18) holds. Now, let X, Y ∈ Γ (L ⊕ L∗). Then we
have
X = X1L + X2L∗ and Y = Y 1L + Y 2L∗.
A direct calculation gives us
∇˜X Y = ∇˜(X1L+X2L∗)
(
Y 1L + Y 2L∗)= (X1L(Y 1)+ X2L∗(Y 1))L
+ (X1L(Y 2)+ X2L∗(Y 2))L∗ + X1Y 1∇˜L L + X1Y 2∇˜L L∗ + X2Y 1∇˜L∗ L + X2Y 2∇˜L∗ L∗. (4.28)
Setting (4.15), (4.13) and (4.14) in (4.28) implies
∇˜X Y =
(
X1Y 1 + X1L(Y 1)+ X2L∗(Y 1))L + X2Y 2∇˜L∗ L∗ + (X1Y 2 + X1L(Y 2)+ X2L∗(Y 2))L∗. (4.29)
From (4.29), we conclude that ∇˜X Y ∈ Γ (L ⊕ L∗) if and only if ∇˜L∗ L∗ ∈ Γ (L∗) and this assertion holds if and only if
(4.18) holds. Thus L ⊕ L∗ is totally geodesic if and only if (4.18) holds. Since G is not bundle-like for the vertical Liouville
foliation L, then by Theorem 5, G cannot be bundle-like for L ⊕ L∗ . 
Now, we denote by L′ and L⊥ the complementary orthogonal distributions to L in VTM◦ and TTM◦ , respectively and we
show that these distributions are integrable. Let X = Xiδi + X˙ i ∂˙i and Y = Y jδ j + Y˙ j ∂˙ j belong to Γ (L⊥). Since G is parallel
with respect to ∇˜ , then we get
G
([X, Y ], L)= G(∇˜X Y , L) − G(∇˜Y X, L) = G(X, ∇˜Y L) − G(Y , ∇˜X L). (4.30)
By using (3.5) and (3.7), we derive
∇˜X L = Xi
(
δi y
j)∂˙ j + XiGki ∂˙k + X˙ i ∂˙i = X˙ i ∂˙i . (4.31)
Similarly, we obtain
∇˜Y L = Y˙ i ∂˙ j. (4.32)
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G
([X, Y ], L)= 0. (4.33)
Hence [X, Y ] ∈ Γ (L⊥), that is L⊥ is integrable. Now, if X and Y belong to Γ (L′) then we have [X, Y ] ∈ Γ (V T˜M), because
L′ is a vector subbundle of the integrable distribution V T˜M. Next, by using (4.33) we deduce that [X, Y ] ∈ Γ (L′), i.e., L′ is
integrable. Therefore L′ and L⊥ determine two foliations on (T˜M,G).
Theorem 7. Let (M, F ) be a Randers space. Then we have the following assertions:
(i) The metric G is bundle-like for foliations L′ and L⊥ .
(ii) The foliations L′ and L⊥ are not totally geodesic with respect (TM◦,G).
Proof. (i) At ﬁrst we show that G is bundle-like for L′ , i.e.,
G(∇˜X Y + ∇˜Y X, Z) = 0, ∀X, Y ∈ Γ (HTM◦ ⊕ L), ∀Z ∈ Γ
(L′). (4.34)
Let X = Xiδi + L, Y = Y jδ j + L ∈ Γ (HTM◦ ⊕ L) and Z = Zk ∂˙k ∈ Γ (L′). Then by using calculation we obtain
∇˜X Y =
(
Xiδi Y
h + yi ∂˙i Y h + XiY jΓ hi j
)
δh + 12 X
iY j Rhi j ∂˙h + L. (4.35)
Similarly, we obtain
∇˜Y X =
(
Y jδ j X
h + y j ∂˙ j Xh + XiY jΓ hi j
)
δh + 12 X
iY j Rh ji ∂˙h + L. (4.36)
By using (4.35) and (4.36) we get
G(∇˜X Y + ∇˜Y X, Z) = 2G(L, Z).
The right side of the above equation is zero, because Z ∈ Γ (L′). Then (4.34) holds. Now, we show that G is bundle-like for
foliation L⊥ . By using (4.15) we obtain
G(∇˜L L + ∇˜L L, X) = 2G(L, X) = 0, ∀X ∈ Γ
(L⊥).
Thus G is bundle-like for L⊥ .
(ii) Let L′ be a totally geodesic foliation. Then we have ∇˜X Y ∈ Γ (L′) or
G(∇˜X Y , L) = 0, (4.37)
where X, Y ∈ Γ (L′). Since ∇˜ is compatible with respect to metric G , then from (4.37) we get
0= G(∇˜X Y , L) = −G(Y , ∇˜X L). (4.38)
Now, let X = Y = Xi ∂˙i ∈ Γ (L′). Then by using (4.31) and (4.38), we get
0= G(Y , ∇˜X L) = Xi X j gi j = G(X, X),
which is a contradiction, because G is a Riemannian metric. Therefore L′ is not totally geodesic. Since Γ (L′) ⊂ Γ (L⊥), then
we result that Γ (L⊥) cannot be totally geodesic. 
5. Almost paracontact structure on TM◦
An almost paracontact structure on a manifold N is a set (φ, ξ,η) where φ is a tensor ﬁeld of type (1,1), ξ a vector
ﬁeld and η a 1-form such that
η(ξ) = 1, φ(ξ) = 0, η ◦ φ = 0, φ2 = I − η ⊗ ξ, (5.1)
where I denotes the Kronecker tensor ﬁeld. This structure generalizes as follows. Consider a tensor ﬁeld f of type (1,1) on
a manifold N of dimension (2n + s). If there exist on N the vector ﬁelds (ξα) and the 1-forms ηα such that
ηα(ξβ) = δαβ , f (ξα) = 0, ηα ◦ f = 0, f 2 = I −
∑
α
ηα ⊗ ξα (α = 1, . . . , s), (5.2)
then ( f , (ξα), (ηα)) is called a framed f (3,−1)-structure. The term was suggested by the equation f 3 − f = 0. This is
in some sense dual to the framed f -structure which generalizes the almost contact structure and which may be called a
framed f (3,1)-structure [9]. The almost product structure P on TTM◦ , compatible with the metric G , is deﬁned by
P := δi ⊗ dxi − ∂˙i ⊗ δyi . (5.3)
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ξ1 := L
∗
α
= δi
α
yi, ξ2 := L
F
= y
i
F
∂i¯, η
1 := yi
α
dxi, η2 := y
j
F
gi jδy
i . (5.4)
By (5.3) and (5.4), it is easy to see that the following holds.
Lemma 2. For every X ∈ χ(TM◦), the following hold
P (ξ1) = ξ1, P (ξ2) = −ξ2, η1 ◦ P = η1, η2 ◦ P = −η2,
η1(X) = G(X, ξ1), η2(X) = G(X, ξ2).
Now, let us deﬁne a tensor ﬁeld p of type (1,1) on TM0 by
p(X) = P (X) − η1(X)ξ1 + η2(X)ξ2, X ∈ χ(TM0). (5.5)
This can be written in a more compact form as p = P − η1 ⊗ ξ1 + η2 ⊗ ξ2.
Proposition 2. For the triple (p, (ξk), (ηk)), k = 1,2, the following hold
(i) ηk(ξl) = δkl , p(ξk) = 0, ηk ◦ p = 0,
(ii) p2 = I − η1 ⊗ ξ1 − η2 ⊗ ξ2 ,
(iii) p3 − p = 0, rankp = 2n − 2.
Proof. By (5.4), (5.5) and Lemma 2, we have (i) and (ii). We prove (iii). Since p(ξ1) = p(ξ2) = 0, then by part (ii), we get
p3(X) = p(X), ∀X ∈ X (TM◦). We need to prove ker p = span{ξ1, ξ2}. It is clear that span{ξ1, ξ2} ⊆ ker p, because p(ξ1) =
p(ξ2) = 0. Let X ∈ ker p. Then p(X) = 0 implies p2(X) = 0. Part (ii) yields X = η1(X)ξ1 + η2(X)ξ2. i.e., X ∈ span{ξ1, ξ2}. 
From Proposition 2, we conclude the following.
Theorem 8. The triple (p, (ξa), (ηa)), a = 1,2, deﬁned by (5.5) and (5.4), provides a framed f (3,−1)-structure on TM◦ .
Theorem 9. For every X, Y ∈ χ(TM0), the Riemannian metric G satisﬁes
G(pX, pX) = G(X, Y ) − η1(X)η1(Y ) − η2(X)η2(Y ). (5.6)
Proof. By a direct calculation, we get G(ξ1, ξ1) = G(ξ2, ξ2) = 1 and G(ξ1, ξ2) = 0. Then by Lemma 2, we have (5.6). 
From (5.5) the following local expression of p is obtained
p(δi) =
(
δki −
1
α2
yi y
k
)
δk, p(∂i¯) =
(
1
F 2
gij y
j yk − δki
)
∂k¯. (5.7)
Let us put
h(X, Y ) := G(pX, Y ), X, Y ∈ χ(TM0). (5.8)
Theorem 10. The map h is a symmetric bilinear form on TM◦ . Further, h is of rank(2n − 2) with the null space span(ξ1, ξ2).
Proof. By using (5.7) and (5.8) we obtain
h(δi, δ j) = aij − α−2 yi y j, h(∂i¯, ∂ j¯) = F−2gir g jk yr yk − gij, h(δi, ∂ j¯) = 0. (5.9)
Since G is bilinear, then by (5.9) we conclude that h is symmetric bilinear form on TM◦ . Here, we prove that the null space
of h is span(ξ1, ξ2). Since the null space of h is {X ∈ χ(TM◦) | h(X, Y ) = 0, ∀Y ∈ χ(TM◦)} = {X ∈ χ(TM◦) | G(pX, Y ) = 0, ∀Y ∈
χ(TM◦)} = {X ∈ χ(TM◦) | pX = 0} = ker p, then it is suﬃcient to show that ker p = span(ξ1, ξ2). Since p(ξ1) = p(ξ2) = 0,
then the subspace span(ξ1, ξ2) is contained in ker p. Let X = Xiδi + X˙ i ∂˙i ∈ ker p. Then pX = 0 and (5.7) give us
Xi = 1
α2
Xk yk y
i, and X˙ i = 1
F 2
X˙k gkj y
j yi .
Hence X = 1 Xk ykξ1 + 1 X˙k gkj y jξ2 ∈ span(ξ1, ξ2). 
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IM = {(x, y) ∈ TM◦ ∣∣ α(x, y) + β(x, y) = 1},
which is a submanifold of dimension 2n − 1 of TM◦ . Since G(ξ2, ξ2) = 1, then ξ2 is a unit vector ﬁeld on IM. It is easy to
show that, ξ2 is a normal vector ﬁeld on IM with respect to metric G . Also since G(ξ1, ξ2) = 0, then ξ2 is orthogonal to any
tangent vector to IM and the vector ﬁeld ξ1 is tangent to IM. IM is invariant with respect to p, i.e., p(Tu(IM)) ⊆ Tu(IM),
∀u ∈ IM.
Lemma 3. Let the framed f -structure be given by Theorem 8. Then restricting this to IM, we have
η1 = α−1 yidxi, η2 = 0, p(X) = P (X) − η1(X)ξ2, ∀X ∈ X (IM).
Proof. Since η2(X) = G(X, ξ2) = 0, the claim follows. 
Let η¯ := η1|IM , ξ¯ := ξ |IM , p¯ := p|IM and G := G|IM . By Theorem 9, we get G(p¯(X), p¯(Y )) = G(X, Y ) − η¯(X)η¯(Y ). Then by
Theorem 8 and Lemma 3, we conclude the following.
Theorem 11. The collection (p¯, ξ¯ , η¯,G) deﬁnes an almost paracontact metric structure on IM.
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